We study spin squeezing, an intrinsically quantum property, in the quantum kicked top model exhibiting chaotic behaviours in the classical limit. We show that spin squeezing can reveal the underlying chaotic and regular structures in phase space given by a sphere with a unit radius, namely, spin squeezing vanishes after a very short time for an initial spin coherent state centred in a chaotic region of the phase space, whereas spin squeezing occurs over a long period of time for the coherent state centred in an elliptic fixed point. We also study the distribution of the mean spin directions when quantum dynamics take places and give a comparison between the dynamics of spin squeezing and quantum entanglement.
Introduction
In the middle of the 1970s, people began to realize the importance of quantum chaos. Various signatures of quantum chaos have been identified, such as the spectral properties of the generating Hamiltonian [1] , phase-space scarring [2] , hypersensitivity to perturbation [3] and fidelity decay [4] , which indicate an underlying chaotic presence in the corresponding quantum dynamics. Recently, entanglement was identified as another signature of quantum chaos [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . As entanglement lies at the heart of quantum mechanics and is a crucial resource for quantum information processing [16, 17] , the entanglement inherent in quantum chaotic systems could provide a valuable approach to studying quantum chaos.
Entanglement is one of the typical purely quantum-mechanical effects, the other one is the squeezing effect. Interestingly, it was found that spin squeezing [18] [19] [20] [21] [22] [23] is closely related to and implies quantum entanglement [20] . More quantitatively, for spin states with a certain parity, if a state is spin squeezed according to the definition from Kitagawa and Ueda [18] , a quantitative relation is obtained between the spin squeezing parameter and the concurrence [24] , quantifying the entanglement of two spin-half particles [25, 26] . The close relationship between the entanglement and spin squeezing and the entanglement as a signature of quantum chaos motivate us to explore the role of spin squeezing in quantum chaotic spin systems. The relation between light squeezing and quantum chaos has been studied [27] . However, to our knowledge, there are no discussions of spin squeezing in quantum chaotic systems in the literature.
In this study, we consider the quantum kicked top (QKT) model [28] [29] [30] [31] [32] [33] , a representative spin model, which exhibits chaos in the classical limit. The Hilbert space for the QKT is finite and the Poincaré section of the phase-space compact, allowing analyses of quantum and classical dynamics and facilitating the study of the role of spin squeezing in the system.
There are several definitions of spin squeezing in the literature [18] [19] [20] [21] . Typically, there are two types of spin squeezing defined in spin-j systems, and quantified by the following two spin squeezing parameters:
where the subscript n ⊥ refers to an axis perpendicular to the mean spin direction n 1 = J /| J |, where the minimal value of the variance ( J ) 2 is obtained, and J n ⊥ = J · n ⊥ . The inequality ξ 2 1 < 1 ξ 2 2 < 1 indicates that the system is spin squeezed. The first parameter follows from Kitagawa and Ueda [18] and the second one from Wineland et al [19] .
We study the dynamical behaviours of the spin squeezing quantified by both ξ 1 and ξ 2 for specific initial spin coherent states (SCS) [34] . In the QKT, we show that spin squeezing disappears after a very short time for an initial coherent state centred in a chaotic region of the classical phase space, while the spin squeezing occurs over a long period of time for the coherent state centred on an elliptic fixed point. In other words, the spin squeezing can reveal the chaotic and regular structures in phase space.
The paper is organized as follows. In section 2, we introduce the QKT and its classical dynamics. In section 3, we study in detail dynamical evolutions of spin squeezing parameters and examine distributions of mean spin directions (MSDs) during the quantum dynamics. We also make a comparison of the dynamics of spin squeezing and the quantum entanglement and find that the underlying classical chaos suppresses both of them. The conclusion is given in section 4.
Quantum kicked top and its classical limit
The QKT is described by the Hamiltonian [28] [29] [30] [31] 
where J α (α ∈ {x, y, z}) are spin operators and states are restricted to irreducible representation (irrep) j for which J 2 = j (j + 1). τ is the duration between nth kick and (n + 1)th kick, p is the strength of each kick (which is manifested as a turn by an angle p), and κ is the strength of the twist. The Hamiltonian is an alternative sequence of twists (J 2 z term) and turns (J y term). A standard dynamical description of the QKT is via the Floquet operator where the energy is rescaled so that τ = 1 and p = π/2 are henceforth assumed. An arbitrary state | (0) evolves to
The classical limit of the QKT is obtained by expressing X = J x /j and similar for Y and Z and factorizing all moments such as J x J y /j 2 = XY to products of first-order moments. Then the classical equations of motion, obtained from the Heisenberg operator equations of motion and applying the factorization rule above, are given by [29] 
The stroboscopic evolution described by equation (5) can be represented in a phase space given by a sphere S 2 of a unit radius. The classical, normalized angular momentum variables (X, Y, Z) can be parametrized in polar coordinates as (X, Y, Z) = (sin θ cos φ, sin θ sin φ, cos θ), where θ and φ are the polar and azimuthal angles, respectively. Thus, the map is essentially two dimensional.
To be complete, we give the stroboscopic dynamics of the classical map which is shown in figure 1 . In the plot, we choose the chaoticity parameter κ = 3, which yields a mixture of regular and chaotic areas of a significant size. Elliptic fixed points surrounded by the chaotic sea are evident. Two such elliptic fixed points have coordinates (θ, φ) = (2.25, −2.5) and (θ, φ) = (2.25, 0.63). As we will see, this phase-space structure of the classical kicked top determines behaviours of spin squeezing in the QKT.
Dynamics of spin squeezing
The connection between the quantum and classical dynamics of QKT kicked top is done by choosing the initial state to be the SCS [34] , whose centre is on a classical phase-space point. The SCS is defined as {|θ
The mean of J /j is
Mean spin directions
According to the definitions of spin squeezing, we first need to know the MSDs determined by expectation values J α with α ∈ {x, y, z}. The mean spin direction n 1 can be written in the spherical coordinate as
where θ and φ are the polar angle and the azimuthal angle, respectively. The angles θ and φ are given by
where
is the magnitude of the mean spin. Here, we give the following expressions n 2 = (− sin φ, cos φ, 0) and n 3 = (−cos θ cos φ, −cos θ sin φ, sin θ). The above expression is valid for θ = 0, π. For θ = 0, π, the mean spin is along the ±z direction, and one possible choice of φ can be φ = 0, π.
We start by exploring the dynamics of spin squeezing for initial states with a mean in four different regions of the phase space, specifically a fixed point, an integrable (or KAM) region, a chaotic region and the border between the integrable and the chaotic regions. For convenience, we fix θ 0 = 2.25 and vary φ 0 . This line on S 2 includes all four regions we are exploring. An elliptic fixed point arises at φ 0 = 0.63, −2.5, a point in the regular region occurs at φ 0 = −2.2, the border between the integrable and the chaotic regions can be seen at φ 0 = 0.3, and a point well in the chaotic sea is located at φ 0 = −1. The states with means at each of these (θ 0 , φ 0 ) points in the phase space are chosen to be SCSs.
In figure 2 , we plot the MSDs for initial SCS |θ 0 , φ 0 with a fixed θ 0 = 2.25 and different φ 0 . We observe that the MSDs are localized in a fixed region for an initial SCS centred in an elliptic fixed point. For φ 0 = 0.63 (φ 0 = −2.5), the fixed region belongs to 0 φ π (π φ 2π). When the SCS centred in the regular region (φ 0 = −2.2), the MSDs are localized in a finite region, which is larger than those in the above cases of fixed points. As the centre of the SCS goes deep in the chaotic sea (φ 0 = −1), the mean spin points randomly over the whole range of θ and φ. The cases of φ 0 = 0.0, −0.3, −0.5, −1.5 display the intermediate behaviours.
One advantage to investigate the MSDs is that they can reveal how 'deep' the chaotic sea is. For instance, the location of the chaotic sea when θ 0 = 2.25, φ 0 = −1.0 is deeper than that when θ 0 = 2.25, φ 0 = −0.5. However, from the stroboscopic phase space (figure 1), it is hard to distinguish these two points.
Spin squeezing
Having known the mean spin, in order to compute the squeezing parameters, we need to know the following minimal variance [26] : Then, we can numerically calculate the spin squeezing.
The numerical results of spin squeezing parameter ξ 2 1 are shown in figure 3 . Initially, there is no spin squeezing as we choose the initial state to be the SCS [36] . As the dynamics evolves, the spin squeezing occurs frequently for the wave packet centred at the elliptic fixed point (φ 0 = 0.63), whereas the spin squeezing vanishes for the initial state centred in the 'deep' chaotic region (φ 0 = −1.0) after a very short time (n = 2). For the SCS centred in the regular region (φ 0 = 0.5), spin squeezing exists over a relatively long time, namely, only when n > 318, the spin squeezing disappears. When the SCS centred in the 'shallow' chaotic sea (φ 0 = 0), the spin squeezing disappears after n = 4. The strong oscillations of spin squeezing mainly originate periodic kicks. Without kicks, the spin squeezing exhibits only periodic regular oscillations. The turns (J y term) cannot generate spin squeezing, and the twists (J 2 z term) account for the occurrence of spin squeezing. We see that the underlying classical chaos indeed controls the quantum dynamics of spin squeezing in the QKT. The spin squeezing is very sensitive to the classical chaos, and the classical chaos suppresses the spin squeezing. In contrast to this feature, the classical chaos enhances the bipartite entanglement quantified by the linear entropy in the QKT [14] . The underlying classical chaos affects differently on the two typical pure quantum-mechanical phenomena, the spin squeezing and the bipartite entanglement.
The spin squeezing vanishes quickly for the initial SCS centred in the chaotic region, whereas it occurs frequently when centred at the elliptic fixed point. Does the spin squeezing persist over a long time? In figure 4 , we plot the long-time behaviours of the spin squeezing parameter for φ 0 = 0.63 and n = 10 000. We observe the strong oscillations, and the spin squeezing occurs frequently and persists over a long time.
Next, we consider another definition of spin squeezing by Wineland et al [19] . The spin squeezing parameter ξ 2 2 is given in equation (1). Figure 5 gives the numerical results of the spin squeezing parameter for different φ 0 . We see that it is hard to obtain spin-squeezed states according to the definition of Wineland et al. Even for the SCS centred at the elliptic fixed point, there exists no squeezing in most of the time. For the SCS centred in the regular region, squeezing exists over a very short time, and for the SCS centred in the chaotic sea, squeezing vanishes completely. These results imply that the spin squeezing by Wineland et al is more sensitive to the underlying classical chaos comparing with that by Kitagawa and Ueda.
Finally, we study the dependence of spin squeezing on j . In figure 6 , we give a plot of ξ an oscillation, which is due to the parity effects (the parity of N). When N is large enough, parity effects become not obvious, the oscillation vanishes, and ξ 2 1 monotonically decreases. The numerical results also show that the average of ξ 2 1 displays similar oscillations.
Comparison of spin squeezing and entanglement
The QKT describes a spin system, which can be composed of multiple systems of lower spins. Let {σ iα } denote the Pauli operators for the ith qubit (a two-level system). A collective spin operator for N qubits, satisfying the usual su(2) algebra, is given by
, so that j = N/2. The QKT Hamiltonian now becomes a collective Hamiltonian with j equal to half the number of qubits. An example of using multiple qubits to simulate the QKT has been presented for trapped ions [31] , and it is promising to experimentally generate spin squeezing using the trapped-ion techniques. Given our N-qubit system, we can study entanglement of a pair of qubits (say qubits 1 and 2) by tracing out other N − 2 qubits. Entanglement for the mixed state ρ 12 = Tr 3,...,N (ρ) can be quantified by the concurrence [24] . The concurrence is defined as
with the quantities λ i being the square roots of the eigenvalues in the non-ascending order of the matrix product ρ 12 (σ 1y ⊗ σ 2y )ρ * 12 (σ 1y ⊗ σ 2y ). ρ * 12 denotes the complex conjugate of ρ 12 . Here, we remove the max function in the usual definition of the concurrence, namely, C 0 implies no entanglement.
It was known that spin squeezing is closely related to quantum entanglement [20] , and for spin states with parity, if the state is spin squeezed, the following relation between the squeezing parameter ξ 2 1 and the concurrence [24] C is obtained [26] , ξ
One should note two conditions for which this equality holds. One is that the spin states must have a fixed parity, and the other is that it must be a spin-squeezed state. If a state is not spin squeezed, we cannot get this relation. For our state vector at time t, usually there is no fixed parity, so we cannot get the simple relation between the spin squeezing parameters ξ 2 1 and C. In order to make a comparison between spin squeezing and pairwise entanglement, it is convenient to define the following quantity:
and see if the parameter ξ implies that the spin state displays a parity symmetry or nearly a parity symmetry. The numerical results also show that the agreement is good when we choose different initial conditions. Furthermore, it was found that the classical chaos suppresses the concurrence [14] . Thus, we may conclude that the classical chaos suppresses both the spin squeezing and the pairwise entanglement.
Conclusions
We have studied spin squeezing in the QKT model whose Hamiltonian dynamics is chaotic in the classical limit. The underlying chaotic motion greatly affects the spin squeezing properties, namely, spin squeezing vanishes after a very short time for an initial coherent state centred in a chaotic region of the phase space, whereas the spin squeezing occurs over a long period of time for the coherent state centred at an elliptic fixed point. The light quadrature squeezing displays similar behaviours in some models exhibiting chaos [35] . It was found that the quadrature squeezing disappears at the transition to quantum chaos. The present work and the works on light squeezing suggest that the underlying classical chaos suppresses quantum squeezing. Whether this is a universal feature still needs to be further investigated.
We also study the distribution of the MSDs when quantum dynamics takes place and give a comparison between dynamics of the spin squeezing and the quantum entanglement. Manifestation of chaotic motion was found in the distribution of MSDs, and the underlying classical chaos suppresses both the spin squeezing and the pairwise entanglement.
Here we have highlighted the connection between spin squeezing and quantum chaos. It was suggested that an adequate way of investigating the problem of quantum chaos is by studying the dynamics of intrinsically quantum properties [6] . Spin squeezing is an important purely quantum-mechanical effect and is interestingly connected to quantum entanglement. It would be worth investigating spin squeezing in other quantum chaotic spin systems and find some universal features. Although we have restricted ourselves to the QKT system, we believe that the results are also applicable to more general systems.
